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ABSTRACT: Two-dimensional electronic spectroscopy (2DES) has proven to be a highly effective technique in studying the
properties of excited states and the process of excitation energy transfer in complex molecular assemblies, particularly in biological
light-harvesting systems. However, the accurate simulation of 2DES for large systems still poses a challenge because of the heavy
computational demands it entails. In an effort to overcome this limitation, we devised a coarse-grained 2DES method. This method
encompasses the treatment of the entire system by dividing it into distinct weakly coupled segments, which are assumed to
communicate predominantly through incoherent exciton transfer. We first demonstrate the efficiency of this method through
simulation on a model dimer system, which demonstrates a marked improvement in calculation efficiency, with results that exhibit
good concordance with reference spectra calculated with less approximate methods. Additionally, the application of this method to
the light-harvesting antenna 2 (LH2) complex of purple bacteria showcases its advantages, accuracy, and limitations. Furthermore,
simulating the anisotropy decay in LH2 induced by energy transfer and its comparison with experiments confirm that the method is
capable of accurately describing dynamical processes in a biologically relevant system. This method presented lends itself to an
extension that accounts for the effect of intrasegment relaxation processes on the 2DES spectra, which for computational efficiency
are ignored in the implementation reported here. It is envisioned that the method will be employed in the future to accurately and
efficiently calculate 2D spectra of more extensive systems, such as photosynthetic supercomplexes.

1. INTRODUCTION computational scaling with system size.'® Therefore, efficient
Two-dimensional electronic spectroscopy1 (2DES) elucidates calculation schemes are needed. This paper aims to develop an
the dynamics in advanced materials and biological systems at efficient simulation protocol for 2DES that provides accurate

the femtosecond time scale and currently plays a vital role in
the research on energy transport in such systems.””"> In these
complex systems, it is challenging to unravel the intricate
details of the dynamic processes, which is important to
understand and possibly improve their functionality. The
ability to simulate 2D spectra is essential to gain a better
understanding as well as to achieve improved functionality of
large molecular systems. However, for such large complex
systems, this remains a formidable task due to the unfavorable

results at a small computational cost, even for an extensive
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system. This is achieved by coarse-graining the system into
manageable segments.

Considerable efforts have been devoted to enable the
simulation of two-dimensional spectra for large molecular
systems. For instance, the generalized quantum master
equation (GQME) method and its extended variant rely on
correlation functions to extract the multidimensional spectro-
scopic signals."’ ™" Another widely recognized technique for
accurate calculations of spectra is the Hierarchy Equations of
Motion (HEOM) method, frequently employed as a bench-
mark.”°~** However, the obvious drawback is that the HEOM
method is too computationally expensive, particularly for large
systems due to a factorial scaling with system size. Efforts have,
however, been made to make the method computationally
more tractable by the use of graphical processing units
(GPU).** For the related Hierarchy of Pure States (HOPS)*
based on wave functions, which suffer from the same type of
scaling issues as HEOM, the use of an adaptive hierarchy®
allows for a significant speedup and improved scaling. One
further method to simulate 2D spectra is the Numerical
Integration of the Schrédinger Equation (NISE) approach.””
While the computational time for this method scales more
favorably with system size, its original version required
diagonalizing the two-particle Hamiltonian.” The implementa-
tion of more efficient propagation schemes in NISE, taking
into account the typical structure of the two-exciton part of the
Hamiltonian®*** and its sparse nature,” eventually reduced
the overall scaling of the method to an N® dependence on the
number of chromophores, N. Further implementing31 parallel
computing algorithms combining a message passing interface
(MPI) and open multiprocessing (OpenMP), the application
of NISE to large systems with thousands’>*® of coupled
chromophores was realized. However, such calculation with
the use of hundreds or even thousands of computer cores still
takes multiple days. It is, therefore, still crucial to develop more
efficient approaches for calculating 2D spectra for large systems
relevant to biological and materials sciences.

Here, we develop a Coarse-Grained 2DES (CG-2DES)
computational method, which is computationally efficient,
especially for large systems. This method divides the full
system into small segments based on the intermolecular
coupling strengths and calculates contributions to the 2DES
separately for each segment.”**> The individual segments are
interconnected using a rate equation to describe the exciton
transfer between them. We calculate the required intersegment
rate matrix using the Time-Domain Multichromophoric
Forster Resonance Energy Transfer (TD-MCFRET) meth-
0d.*° In the CG-2DES method, we assume the excitation
within one-segment to equilibrate much faster over its
constituent molecules than the time scale of the population
transfer between different segments. Furthermore, we include
the possibility of accounting for a detailed balance in the
thermal relaxation process, which allows for the accounting of
thermal relaxation in the 2DES.

This paper is organized as follows. In the following section,
we will first discuss the theory to model the system and the
algorithm for calculating 2D spectra. The implementation of
the CG-2DES method is described in Section 3. In Section 3.1
and in Section 3.2, spectral results for different model systems
are demonstrated and analyzed. The application to the LH2
system is presented in Section 3.3. Finally, in the last section,
we will draw our conclusions.
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2. THEORY AND METHOD

2.1. Model System. First, we introduce our Hamiltonian.
In our approach, we assume that all molecules in the assembly
are well described as two-level systems with a ground state and
an optically accessible excited state. As long as the charge
densities of the excited states of different molecules do not
overlap, the delocalized collective excited states of the
assembly can be described as Frenkel excitons.”” Our goal is
to simulate the 2DES, allowing for a large number of molecules
(10s to 1000s) and accounting in an efficient way for exciton
dynamics, in particular for excitation energy transport through
the entire system. A full calculation, treating all intermolecular
interactions on equal footing, is computationally prohibitively
expensive for large systems. In our method, we take advantage
of the fact that in many large molecular systems, segments may
be distinguished such that the interactions between segments
are relatively weak, much weaker than those within segments.
As a result, the excitation energy transfer between segments
may be considered as incoherent jumps on a time scale that is
large enough to consider the excitation within individual
segments as completely equilibrated. This allows for a great
gain in computational cost. Namely, the 2DES of the entire
system may then be obtained by calculating the spectra of
separate segments and adding those with appropriate weights.
The latter follows from solving a set of rate equations, dictated
by energy transfer rates, which we will calculate using the TD-
MCFRET method,”® a trajectory-based version of the
MCFRET method.”® We segment the full system into different
parts such that intersegment intermolecular interactions are
small and excitation energy transfer (EET) can be treated as
incoherent. We will define the Hamiltonian for one segment,
and the sum of these one-segment Hamiltonians and the
Hamiltonian for the interactions between segments gives the
full Hamiltonian.

Thus, we start by defining the Frenkel exciton Hamiltonian
for a single segment, labeled S; (See Figure 1 (a)):

Hg(t) = ) e,(t)B/B,+ Y J, (t)BIB,

nes; n,meSs;

(1)

Here, n and m represent different molecules belonging to
segment S, €,(t) is the excitation energy of molecule n, and
J.m(t) is the coupling between molecules n and m. B! and B,
are Pauli creation and annihilation operators.”” The time-
dependence of the site energies and interactions are included
to describe the effects of fluctuations in these parameters due
to the coupling to a dynamic environment, modeled as a
classical bath (see below). The interaction between two-
segments, S; and S;, can be expressed as

)

nes,mes;

J, BB,

Hs,s, =
(2)

Here, we assume that these interactions may be considered
time-independent. This facilitates the use of our TD-MCFRET
method. Within the segments, we will consider fluctuations
because these are important in describing spectral broadening
effects in an appropriate way. As our method to deal with
fluctuations is phenomenological, in our present simulations
we will restrict ourselves to fluctuations in the site energies
only. In principle, generalization of this method to time-
dependent interactions is possible,® but such a generalization
would make the calculations more time-consuming. Further-
more, it was found that the coupling fluctuations are typically
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Figure 1. Illustration of the segmentation scheme. (a) Example of
segmentation of a large system into five individual segments labeled
with different colors. (b) A dimer within one segment. (c) A dimer
system is divided into two individual segments.

an order of magnitude smaller than the frequency fluctua-
tions.”® With this justification, we assume that these
interactions are already small; normally, fluctuations will only
be a negligible correction to an already small number. The
systems of our interest typically have a fairly fixed structure,
and the couplings are determined by the mutual spatial
arrangement of the chromophores. This may, however, be a
more critical issue when including charge transfer states, where
couplings have a more sensitive distance dependence or when
transition dipoles with near perpendicular dipoles are
present.”" Thus, in eq 1 we will replace J,,,(t) by J,,, time-
independent model parameters which we will specify in the
various applications of our method considered in Section 3.
The distinction between a collection of quantum degrees of
freedom and the environment is rooted in the system-bath
separation, a well-used model for such a complex system. In
this paper, we prefer to use a simple system-bath interaction to
test our method. Therefore, overdamped Brownian oscillators,
which have a limited number of free parameters, are used to
describe this interaction.*” The excitation energy has a linear
dependence on the bath degree of freedom, effectively
reducing the bath description to be governed by a magnitude
of the energy fluctuations, o, and a correlation time, AT
describing the memory loss of these fluctuations. Here, we
neglect the influence of electronic excitation on the bath
dynamics. Therefore, for example, the Stokes shift is neglected
in the emission. It could be added in an approximate way
similar to how it was done in other approaches™ at an
additional computational cost. We note that the method
developed here allows for far more complex system-bath
couplings going beyond the spectral density approximation as,
for example, obtained using molecular dynamics (MD)
simulations to describe the bath dynamics® in combination
with ab initioc”’ and mapping methods.** One could
alternatively use the cumulant expansion® to obtain line-
shapes, which was first applied to the doorway-window picture
to describe the interaction between the system and the bath.
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Our method is thus not limited to the treatment of an
uncorrelated harmonic bath.

The bath dynamics is, thus, fully characterized by the time-
correlation function:

C(t) = (5¢,,(1)5€,(0)) = o exp(=A, 1113, (3)

where o,, denotes the root-mean-squared magnitude of the
energy fluctuations for molecule m, which we assume to be
uncorrelated for different molecules, and A,, is the inverse of
the correlation time. More details for the bath fluctuations can
be found in ref 46.

2.2. Two-Dimensional Electronic Spectroscopy. 2D
spectra involves the interaction of three light pulses with the
exciton system, resulting in the generation of a signal electric
field. The total signal is the sum of signals emitted in various
directions described by their wave vectors. We shall focus on
the signals emitted in the directions with wave vectors k; = —k;
+ ky + ky and kyy = k; — ky + ks, where kj, k,, and k; are the
wave vectors of the incoming light pulses. k; and kj; are also
referred to as rephasing and nonrephasing pathways,
respectively. We may demarcate the signals into three
contributions: the ground-state bleach (GB), stimulated
emission (SE), and excited-state absorption (EA) signals,
each of which has a rephasing and a nonrephasing
component.”” The double-sided Feynman diagrams associated
with these contributions are given in Figure 2.

GB SE EA

le) (8l (gl (el

g (@l (el (el

Rephasing

1) (el (el (el t

1) (@l (gl (8l

le} (gl (gl (el
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le) Gl (gl (8l ty

Non-rephasing

lg) (el (gl (el

Figure 2. Double-sided Feynman diagrams contribute to the 2DES
signal. The top figures illustrate the rephasing components of the GB,
SE, and EA, while the bottom ones show the corresponding
nonrephasing signals. Here, Ig), le), and If) denote the quantum
ground state (no excitons) and excitations in the singly and doubly
excited manifold, respectively. The full arrows represent the
interactions with the applied light pulses, and the dashed arrows
represent the generated signals. On the right side, the times 7y, 7,, 73,
and 7, connected with the red dashed lines specify the interaction
times, and the relevant intervals between these interactions t;, t,, and
t;, are illustrated as well.

As depicted in Figure 2, the pulse interactions are associated
with the times ¢ = 7, 7,, 75, and 7,, while the intervals between
the successive interactions are denoted ¢}, t,, and t;. The times
t; and t; are denoted coherence times, as the system is in
coherence between the ground state and a singly excited state
or between a doubly excited state and a singly excited state
during t; for the EA diagrams. The time t, is known as the
population time or waiting time; varying t, allows studying the
dynamics in the ground state and singly excited state. The

https://doi.org/10.1021/acs.jctc.4c00413
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response functions for the GB, SE, and EA signals are given
by48

Sécyl/;}'(f(% T35 Ty )
i (4 ee [4 e ee
= (4] g U, e U )
1 (w)lg))

SE,R
Séy/fa (7, T3, Ty 7)

\3
l 4 ee 14 (4 ee
= (] e @V, e ) U(a, )
W (2)1g)
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- \3
l e ee €] (4
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= (4] g ()0 e e (e @)U )
W ()l

EA,NR
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3
N _(%) <<g|ﬂ/§e(1’2)Uee(Tz) 74)/‘581[(74)Uﬂ(74’ 73)”7f8(73)

Uy mmf (7)lg)
(4)

The brackets (( -+ )) represent the average over the classical
ensemble and the expectation value of the quantum system
together. The time evolution operator, U¥(z,, Ty), for the
ground states is omitted since it is just the identity operator.
Here, we represent the transition dipole moment between the
initial ground state (denoted lg)) and a state in the single
excited manifold (denoted le)) as pf, the transition dipole
moment between the first excited manifold and the second
excited manifold (denoted If)) is labeled with u$l. The subscript
X can take the values a, 3, y, J, which specify the polarization
of the relevant electric field. The superscript in the propagator
(ee)/(ff) denotes the propagation when there is a single/
double excitation in the quantum system.

The signals are converted to the frequency domain (@, and
®;) using double Fourier transforms with respect to the
coherence times t; and t;, respectively, for a given “waiting
time” t,. In practice, to obtain the 2DES, the response can be
calculated independently on the basis of the single excitation
manifold and the double excitation manifold, as those do not
couple when no external electric field is present. There are N
single excited states and N(N + 1)/2 double excited states.
With the propagation scheme used in the NISE method,*® the
cost for calculating the time-evolution operator for the single
excitation manifold is proportional to the N°. The calculation
cost for the double excitation manifold is proportional to N°.

By applying the Trotter approximation and using sparse matrix
techniques,” we can reduce the calculation cost for the
propagation of the double excitation manifold from N° to N°.

In the NISE approach, one needs to propagate the full
system around the full diagrams, which is time-consuming for
large systems and for long waiting times. For the coarse-
grained two-dimensional electronic spectroscopy (CG-2DES),
we calculate the response function in a different way. The
Feynman diagrams for the six contributions distinguished in
Figure 2 are illustrated again in Figure 3, using the concept of

GB SE EA
. . .
\\\ \\\ \\\
Ty
|e) (g le) (g 1f) (| ty
o0
5 5 5 5T STTUHS s
= lg) (sl / le) (el le) (el ty
& Si ‘}j S Si li;j S S ligj S 1,
# B« B ) B 4
€ v ¥ v ¥ Y .
1
lg) (8l g (sl lg) (8l
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£ > o H (@ ta
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= S, ) S, ;’/‘ S, S, e S,

& Vg Vo el Cle) el t

'é‘ St S S S Si____py S T,

S o oo oo t

2 ]9 ¢ 9 © 9 \."
lg) (sl lg) (sl lg) (gl

Figure 3. CG-2DES double-sided Feynman diagrams contributing to
the 2DES signal. The symbols for the interaction times, time delays,
arrows, and states are the same as in Figure 2. p§ (blue elliptical
arrows) and ps (purple elliptical arrows) represent the equilibrium
within the segments S; and §;, respectively. It is assumed that segment
S; equilibrates to the state described by p§! before the transfer can
happen to segment S;. The exciton transfer from the segment S to ;
happens during the waiting time t,, which is illustrated as the period
between the two green lines. It is assumed that the population on
segment §; equilibrates to the state described by pg! in the time

interval after the transfer to this segment has happened but before the
detection initiated by the interaction at 7.

segmentation. We will explain the principle in detail for the
nonrephasing diagrams, as an example, and only provide the
final equations for the remaining diagrams. Following eq 4, the
string of operators is rewritten from back to front (taking the
complex conjugate), and we split all the time evolution
operators into individual ones. Furthermore, we trace over the
space of all (multi)exciton states. This results in the (gl - Ig)
being replaced with a Tr. The nonrephasing EA signal may

thus rewritten as
S(%}TR(% T3, Ty 7)
iV
= (1) (e U, U I U
(73, 14)/,t5fe(r4)U“(T4, ,)U“(z, 72)/4;3(72)) (s)

where the remaining angular brackets ( - ) denote the average
over the bath degrees of freedom. Next, by cyclic reordering of
eq S, which is allowed in the trace, we obtain

https://doi.org/10.1021/acs.jctc.4c00413
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To include exciton population relaxation, we recast the
response function in the doorway-window picture formalism.*’
Here, we assume that the transfer between segments only
happens during the waiting time, which is justified if couplings
between segments are small and the transfer is slow compared
to the typically short coherence times. We can then separate
the equation into three parts, one for each time interval. The
signal contribution during t; is denoted the doorway part.
Isolating the dynamics during t; which only involves segment
Sy we have the doorway function:

Dgj(t) = (Trud, () U (z, 1)ugy(7)) @

Here, ug, are transition dipoles for exciton states on segment
S; and U§ (7, 7,) is the time-evolution matrix corresponding to
the Hamiltonian Hg(t) for segment S, By examining all

nonrephasing diagrams, we see that the time evolution is the
same for all diagrams.

Next, we move to the waiting time, ¢,. Here, we assume that
the system will first reach the equilibrium in segment S;. Energy
transfer to another segment S; may then occur. After which, the
system will re-equilibrate on segment S; before detection (see
Figure 3). The result of the exc1ton transfer process is
represented by the probability of the exciton being found on
segment §; at a time interval t, after it started on segment S..
This is given by the matrix elements of the transfer function

Ps]sl(tz) = [eXP(_Ktz)]s’sx (8)
Here, K is the rate matrix for transfer between all involved
segments, which we will obtain from the TD-MCFRET
method.*® In principle, one may also apply our method by
using a rate matrix obtained in another way or by using a
phenomenological rate matrix. To ensure that the rate matrix
fulfills the detailed balance, we apply the standard thermal

correction factor' on the elements of the rate matrix

tc 2

ST 4 P E) ©)

with [)’ o where kg is the Boltzmann constant and T the

temperature. Eg and Eg, represent the expectation value of the
energy in thermal equilibrium in segment Eg and Eg,
respectively. The expectation value for the energy of segment

S; is determined by the ensemble average over the full

trajectoryso
Tel S exp(—pH") ]
Tr[eXP(—ﬂHs’)] (10)

To avoid overcorrection, the segment energies used in the
thermal correction can be adjusted by AEg = kT In(NPs/Ds),
with N the total number of molecules in the full system, which
ensures that the segment equilibrium populations fulfill
detailed balance without changing the effective rates. Here,
Py, is the equilibrium population of segment §; predicted by the

E 5
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TD-MCEFRET method and Dg is the number of sites in
segment §;, ensuring that AEg = 0 when the rates are obtained

in the high-temperature limit.

Next, we focus on the dynamics during ¢; described by the
window function. The system is now assumed to start in
thermal equilibrium on segment S; and the window function
for segment §; is

Ws ()y(tS) = —(TrU*(g,, 73)/4 (73)Uﬁ(73; T4).“ (74),05 )
(11)

Here, p§! is the equilibrium density matrix on segment §;
¢ PHs{(0)

calculated as peq = <T

T E—Istl(t)

>, where Hs/(t) is the time-

dependent Hamiltonian at time t and ( - ) denotes the
ensemble average over the full trajectory. The minus sign is
taken from the overall sign of the EA signal. The window
function is the same for the nonrephasing and rephasing
diagrams. The full signal is given by products of the doorway,
transfer, and window functions, summed over all combinations
of segments.

In a similar way, we can obtain the doorway-window
functions for each Feynman diagram. The doorway function in
the nonrephasing part is identical for the GB, SE, and EA
contributions. The same holds for the rephasing part, where

D\é{i,/}u(tl) = <Trﬂs§eﬂ(fz)U§f(72; 71)/1;%,,(71» (12)
which is the complex conjugate of the nonrephasing doorway
function.

Furthermore, each window function is the same for the
rephasing and nonrephasing contribution and only depends on
if the signal is GB, SE, or EA. We will now consider the
remaining window functions, again using the nonrephasing
signals as examples.

The nonrephasing SE signal can be rewritten from eq 4 by
separating the time-evolution operators so they only involve a
single time interval, resulting in the expression

SSE NR

SyBa (74» T35 Ty 7)

- \3
1 (3 ee ee ee €,
(] T v, )0 )0y ()

WE () U1y, T () (13)

From this, we identify the window function for the rephasing
and nonrephasing SE signals

SE e ee e e
WS],(Sy(tS) = <T1'//ts‘]g,}, (73) Usj (773; T4)/’tsf(3 (74)p5jq > (14)

Finally, we move to the GB part, for which the nonrephasing
signal has the form

GB,NR
S(Sy/i’a (74; T3y Ty Tl)

. \3
l (4 ee [4 4 ee
(] T @)U e @)U )

ﬂ;g(1_4)> (15)
The window function is then
WSG]?sy(tgx) = <Trﬂ (73)U (73; 74)/1;%5(74» (16)
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Figure 4. Calculated parallel polarization 2DES for the single-segment dimer system using the CG-2DES method compared with the NISE and
HEOM results. (a) The 2DES was obtained in the HT limit with the CG-2DES method. (b) The 2DES simulated with the NISE approach, with
the data taken from ref 53 at waiting time t, = 15 ps. (c) The 2DES results calculated with the CG-2DES method at RT and 300 K. (d) The
HEOM results obtained from ref 53 at 300 K at waiting time ¢, = 15 ps. All data were normalized for each individual spectrum, and 20 equidistant

contour lines were used in the range —1 to +1.

Since the system resides in the ground state during waiting
time t,, the window function for the GB signal does not
depend on the equilibrium density matrix.

The total response function is the sum of the doorway-
window signals. It can be expressed as follows:

)

a,f,y,0€{x,y,z} d€{GB,SE,EA}

I\Is

JL1ird
Z A(llﬂyﬁ Ws,,ya(ts)Ps,s,(tz)
S5,

R NR
[Dsi,(z/i(tl) + DS,,(z,/}(tl)]

R”/l(tp £ t3) =

(17)

Here, Ny is the number of segments, the symbol d represents
the three diagram types (GB, SE, and EA) and @, f3, 7, & are
representing Cartesian coordinates in the microscopic frame. R
and NR represent rephasing and nonrephasing diagrams.
(Note for the window functions, there is no difference between
rephasing and nonrephasing, so the label is left out.) Finally,
|land Lrepresent parallel and perpendicular polarization in the

lab frame, respectively, and A%ts

are the weight factors
connecting the microscopic frame with the lab frame; these
values for an isotropic sample are given in ref 51. The parallel
and perpendicular polarization spectra are obtained using the
proper averaging over 21 nonzero polarization components (of
the 81 possible Cartesian components) of the transition dipole

30,51,52
vectors.
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3. RESULTS

Here, we will employ the CG-2DES method described in the
previous section to calculate the 2DES for different model
systems, including one for which HEOM reference spectra and
NISE spectra are already available.”® We further apply the CG-
2DES method to the Light-harvesting 2 (LH2) system, which
is one of the most studied photosynthetic complexes**>*~>
and is thus a suitable test system.

Simulations will be performed at room temperature (RT)
and in the high-temperature (HT) limit. This distinction does
not affect the bath parameters, which are always fixed and
chosen in a range typical for RT systems. When considering
the HT limit, we set the temperature in the density matrices to
infinity, which results in an equal population of all sites within
each segment and results in zero coherence between the
molecules in each segment. We further apply the thermal
correction of eq 9. The motivation for using the HT limit is
that it allows for comparing the results directly with those
obtained with the NISE method, which works in this limit, and
it allows for assessing the importance of the thermalization
effects by comparison with the finite-temperature result.

3.1. Single-Segment Dimer Test. First, we present the
results of a 2DES study conducted on a dimer system with two
sites (Figure 1 (b)) that have average energies corresponding
to 11500 and 12000 cm ™" and a coupling of 100 cm ™" between
the two. The parameters of the Hamiltonian have been taken
from ref 53., where they were carefully chosen to mimic a
realistic light-harvesting system. In this subsection, we treat the
entire dimer as one segment, i.e, we take into account the

https://doi.org/10.1021/acs.jctc.4c00413
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Figure 5. Calculated 2D spectra for a double-segment dimer system at waiting times t, = 0 ps (first column), S ps (second column), 20 ps (third
column), and 50 ps (fourth column). The first row displays results obtained using the conventional NISE method, which corresponds to the HT
limit. Results for the CG-2DES approach in the HT limit are shown in the middle row. The bottom row shows the CG-2DES at RT and 300 K.

Contours and normalization are as in Figure 4.

exact coupling between both molecules. To check the CG-
2DES method, we have compared our results with those
obtained using the HEOM method, which ensures the detailed
balance of the quantum populations. To achieve this, we have
used the overdamped Brownian oscillator model to generate
the necessary bath fluctuations. A thorough explanation of the
bath fluctuation scheme can be found in ref 36.

The simulation details are identical to the ref 53., with the
magnitude of the dynamic disorder 6 = 198 cm™' and a
correlation time of A™' = 220 fs. The classical coordinates are
propagated using a time step At = 2 fs. The transition dipole
moments for the two molecules were chosen to be parallel and
their values were set to unity. All the calculations were run with
the lengths of the trajectories of 10,000,000 time steps and
with an average of over 100,000 realizations with starting times
distributed equidistantly over the trajectory. The maximum
coherence times for the doorway and window functions were
set at 256 fs. The CG-2DES results were simulated at RT (300
K) and in the HT limit, which can be directly compared with
the HEOM and NISE results, respectively.

The resulting 2D spectra are shown as contour plots in
Figure 4. The CG-2DES was calculated with a zero waiting
time. We note that for the present method, the spectrum of an
individual segment is independent of waiting time. Since the
system only consists of one segment, and it corresponds to the
spectrum expected after the equilibration of the segment. The
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spectra are, therefore, compared with NISE and HEOM
spectra with a waiting time of 15 ps. The NISE spectra were
found to have relaxed to the equilibrium state after 15 ps. As
expected, the HT CG-2DES and the NISE spectra agree very
well. This highlights the notable pros and cons of the CG-
2DES approach. It efficiently calculates the spectrum of the
equilibrium state. However, as formulated here, the approach
does not provide any information about the dynamics toward
equilibration within individual segments.

The relative intensity between the peaks in the simulated
spectra may seem puzzling. As the transition dipoles are
parallel and the coupling is positive, the high-frequency peak
arises from the symmetric exciton state carrying the largest
oscillator strength and the low-frequency one reflects the
asymmetric state, carrying less oscillator strength. However,
the actual intensities are further complicated by the
interference of the GB and EA signals, which for the chosen
parameters significantly suppress the peaks with w; around
11400 cm™".

Moving on to the RT case, as seen in Figure 4, the CG-
2DES method reproduces the benchmark HEOM results quite
well. The CG-2DES approach neglects the Stokes shift, while
the HEOM method includes it.>> This leads to the observed
shift of the peaks to slightly lower detection frequencies in the
HEOM results. Clear cross-peaks can be observed at RT,
which is a manifestation of the population transfer between the

https://doi.org/10.1021/acs.jctc.4c00413
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two states. Further details of the analysis can be found in ref
53., where this model was first used.

We, thus, find good agreement for the CG-2DES results with
the reference results in both high- and finite-temperature cases
as seen in Figure 4. This demonstrates that our developed CG-
2DES method can be used to efficiently calculate the 2DES of
equilibrated segments at different temperatures. While the
current implementation of CG-2DES does not allow for the
calculation of the equilibration dynamics within individual
segments. One could include the intrasegment dynamics by
combining the doorway-window function with NISE or
HEOM calculations of the spectra for the cases where the
segments before and after the waiting time are identical (S; =
Sj) in eq 17.

3.2. Double-Segment Dimer Test. At longer waiting
times, the CG-2DES method demonstrates good agreement
with the NISE approach at higher temperatures in a one-
segment model system, which is expected considering both
methods employ the same propagation scheme. One notable
advantage of the CG-2DES method is its ability to calculate the
2DES signal by summing all the signals for each segment,
resulting in a significant reduction in computational resources.
However, the exact extent of the speed improvement is difficult
to quantify as it depends on the specific system and the
segmentation applied. Additionally, the CG-2DES method
incorporates temperature dependence without any HT limits.
With this in mind, we conducted a test using a model system
consisting of two segments to evaluate the method when
incoherent transfer between segments is included.

The system’s Hamiltonian is represented by the same sites
and parameters as in the single-segment dimer case studied
above, except that the coupling between the sites is reduced to
10 cm™ to ensure that the two-segments (here the two
molecules in Figure 1 (c)) are weakly coupled and transfer
between the sites is predominantly incoherent. The TD-
MCFRET method® was employed to generate the rate matrix
for transfer between both molecules. In order to examine the
thermalization effect on the 2D spectra, we again calculated the
spectra at RT and HT. The corresponding rate matrices for the
two temperatures are

~0.033ps~' 0.033 ps”"
Kyr =

)
0.033ps™  —0.033 ps '

—0.0059 ps™" 0.062 ps~*
Kgr =

0.0059 ps™'  —0.062 ps~*

(18)
The sum of the forward and backward rates are identical within
numerical accuracy as this is imposed by the thermal
correction of eq 9.

The Kjyr represents the transfer rate matrix in the HT limit,
where uphill and downhill energy transfer is equally probable,
while for Kpp thermalization makes downhill energy transfer
more likely. For a general number of segments, the diagonal
elements of these matrices are the negative sum of the
nondiagonal matrix elements in its column, with the upper off-
diagonal elements denoting the transfer from the high-energy
to the low-energy states and the lower ones representing the
back transfer rate.

We show the 2DES in Figure S at four different waiting
times. In all spectra, the intensity of the two cross-peaks
increases with the waiting time, reflecting the energy transfer
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between the two segments. First, when focusing on comparing
the NISE and CG-2DES, we observe some discrepancies
between the results. At 0 ps waiting time, there is a noticeable
difference in the line shape of the spectra. This can be
attributed to the equilibration assumption within one segment
before the transfer happens in the CG-2DES method. In
contrast, for the NISE approach, the relaxation to the
equilibrium state is included and at zero time, equilibrium
has obviously not yet been reached, resulting in significant
differences in the line shape of the diagonal peaks at 0 ps and
to a limited extent for S ps, but not at later times. A sharp eye
will identify slight intensity differences between the upper- and
lower-frequency peaks for NISE caused by weak effect of the
coupling resulting in intensity borrowing. This makes the
intensity of the low energy state slightly higher than that of the
high energy one.

The cross-peak dynamics, which with the purpose of the
method and the approximations made, is the most interesting,
is very well reproduced. At 20 ps waiting time, the cross-peak
growth is significant. At S0 ps waiting time, equilibration is
essentially complete. The only difference between the NISE
and CG-2DES results from the intensity redistribution in the
NISE spectrum discussed above.

A comparison of the two CG-2DES results readily reveals
the effect of temperature on the 2DES. Initially, the spectra
show no differences, which can be attributed to the equilibrium
approximation within one segment and the fact that finite time
is needed for transfer to take place. However, with increasing
time delay, the RT case exhibits the growth of a lower cross-
peak, while at the upper cross-peak position, the signal remains
unchanged. This disparity arises from the transfer rate from the
high-energy state to the low-energy state being more than ten
times larger than the reverse transfer rate. A clear thermal-
ization effect is thus observed, reflecting the incoherent exciton
transfer described by the rate equation.

Summarizing the results so far, we found the CG-2DES
method to work as expected and reproduce the results of other
methods well at long waiting times where intersegment transfer
takes place. We also saw that for short waiting times, the
equilibration dynamics within segments are not reproduced.
For short waiting times, it may be better to use other methods
or possibly use more accurate calculations for the intrasegment
contributions to the spectra. With respect to calculation
efficiency, we found that to obtain the 2DES at a waiting time
of 50 ps with the NISE and CG-2DES methods, using identical
values for all simulation parameters as coherence times,
number of realizations, etc., the NISE approach requires over
three times more calculation time than the CG-2DES method
for this particular situation of two segments.

3.3. Application to LH2. Having tested our method on
different model systems, we will turn our attention to a realistic
natural system, the LH2 system. This will allow us to further
validate the CG-2DES method, as the LH2 system is
particularly relevant to the light-harvesting process and is
well-studied. The LH2 system is more complex than the above
model systems, consisting of 27 chromophores, specifically
Bacteriochlorophyll a (BChl a), arranged in two rings of 9 and
18 units. These chromophores are characterized by their
excitation bands at 800 and 850 nm, respectively.”**>*>7>*
For our analysis, we will focus on the Rhodoblastus acidophilus
(formerly known as Rhodopseudomonas acidophila) as a
representative bacterial system. The system is depicted in
Figure 6. This bacterial system exhibits high symmetry and
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includes outer and inner B800 and B850 rings. In Figure 6, the
protein scaffold, the B800 ring, and the B850 chromophores
are highlighted. Figure 6 shows that the chromophores in the
B850 ring are well connected, resulting in stronger excitation
transfer interactions within the B850 ring compared to those
within the B800 ring. In our model system, the largest nearest-
neighbor coupling within the B850 ring is 243 cm™', whereas it
is only 30 cm ™" for the B800 ring.*® This larger coupling within
the B850 ring leads to delocalized exciton states. Con-
sequently, we consider all B850 chromophores as a single
segment, and each individual B800 chromophore is treated as a
separate segment. Thus, in total, we distinguish ten segments
in the LH2 system.

In our study, we utilize the Frenkel exciton Hamiltonian eq 1

Figure 6. Nonameric structure of the peripheral light-harvesting

complex (LH2) from R. acidophilus (PDB: 1KZU). (a) and (b) show . ..
the structure of LH2 with and without the protein scaffold, to describe the LH2 system. The bath dynamics is modeled

. . o 36 .
respectively. The protein scaffold is shown in turquoise. The B800 using t}_le ovterdamped Brownian oscillator model,™ with a
ring is depicted in green, and the B850 ring is represented in blue. correlation time of 150 fs for all the chromophores. The
dynamic disorder magnitudes are set to ¢ = 256 and 169 cm™
for the B850 and B800 chromophores, respectively. The
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Figure 7. Parallel polarization 2DES calculated for the LH2 system at waiting times t, = 0 (left column), 0.6 ps (middle column), and 3 ps (right
column). The top row displays results obtained using the conventional NISE approach, whereas the middle and the bottom row are the results
calculated with the CG-2DES method at HT and RT temperatures, respectively.
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excitonic couplings are determined using the TrEsp model,>

which was employed in our previous work.”® Additionally, we
use the rescaling factor for the excitation transfer interactions
caused by the dielectric constant with a value of 1/¢, = 0.55,
consistent with our previous work. Detailed information
regarding the coupling and bath fluctuations can be found in
ref 36.

In the HT limit, using the TD-MCFRET method, the rate of
transfer from one B800 chromophore to the B850 segment was
found to be 0.775 ps~’, with a backward rate of 0.0431 ps™*
(the two are related by a factor 18 in the HT limit). The
transfer between neighboring B800 sites occurs at a rate of 1.83
ps™!, while the rate between B80O sites at larger separations are
much smaller. At RT, the transfer rate from one B800
chromophore to the B850 segment increases to 1.48 ps™',
which is in reasonable agreement with other simulated
results®” and experimental findings.”"*> The backward rate
decreases significantly to 1.29 X 107 ps™'. The transfer
between neighboring B800 sites remains the same at 1.83 ps~/,
which is expected as these sites have the same energy on
average.

We simulated 2DES using the NISE and CG-2DES methods
at various temperatures and waiting times. These calculations
were performed using a 3 ns long trajectory with starting
points separated by 60 fs, and with a coherence time of 384 fs.
The time step for each calculation was set to 3 fs. In the LH2
system, the B850 chromophores can be classified into two
types depending on whether they are bound to the a-
polypeptides or f-polypeptides. These a and f chromophores
are known to have slightly different excitation energies.”>**
However, for simplicity in our model, we assume that all B850
chromophores have an identical average transition frequency of
11,955 cm™', while all B800 chromophores (y) have a
transition frequency of 12,465 cm™1.*°

Figure 7 presents the 2DES results obtained using different
methods and temperatures for the LH2 system. Let us first
consider the HT case. Both the NISE and CG-2DES methods
exhibit similar features in the spectrum. The two diagonal
peaks correspond to the B800 ring (~12,500 cm™") and the
B850 ring (~11,600 cm™'). Notably, there is a distinct EA
signal just above the diagonal peak of the B850 ring. This
feature indicates the degree of delocalization of the excitons
within the B850 ring.”* We also observe a difference in the line
shape of the B800 peak between the NISE and CG-2DES
methods. In the latter, the assumption of equilibrium within
each segment results in a round peak shape, which remains the
same over time. In contrast, the line shape of the B800 peak in
the NISE results at short times is elongated along the diagonal
and at longer waiting times, behaves similarly to that in the
CG-2DES results as the waiting time increases. Furthermore,
the CG-2DES results show a significant tail that extends to the
cross-peak region. This is because we assume instant thermal
equilibrium within the segments. In the LH2 system, there are
higher energy levels than the optically active ones, which are
already relaxed at time zero within our assumption, leading to
tail elongation of the peak along the w;-axis to the cross-peak
area. In contrast to the CG-2DES method, the NISE line shape
shows reasonable agreement with experimental results® at
short waiting times.

After a time delay of 0.6 ps, a clear cross-peak appears in
both spectra in the lower right quadrant, reflecting the energy
transfer from the B800 segment to the B850 ring. At a waiting
time of 3 ps, the cross-peak becomes more pronounced while
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the intensity of the corresponding diagonal peak of the B800
rings decreases. These changes in the features are consistent
with experimental results reported in the literature.®” " Here,
we also find that the computation time of the two methods
differs significantly. To obtain 2DES at a waiting time of 3 ps,
the NISE method requires 45 h of computation time on one
CPU to complete the calculation, while the CG-2DES
calculation only takes 17 h. This difference becomes more
pronounced when we increase the waiting time. A noticeable
difference can be seen when comparing the 2DES at RT with
that at HT. It is important to note that, to compare the thermal
effect, we only need to change the temperature in the thermal
correction, eq 9, and in the equilibrium density matrix in these
two cases, while keeping all parameters related to the bath
fluctuations identical. The chosen Hamiltonian for the LH2
system changes the exciton delocalization. It affects the peak
intensity, which is evident for the EA peak and results in a less
prominent EA peak in the RT case. In our model system, the
current TrEsp coupling model may overestimate the energy
gap to a dark state’” known to lie below the optically active
states. In RT equilibrium, the population of this dark state may
thus be exaggerated. Therefore, the EA signal is less obvious
when thermal relaxation is included. The NISE results for the
LH2 system clearly show that with the increase in the waiting
time, the EA signal also decreases significantly. It demonstrates
that when the excitation relaxes from the optically active states
to other states, it goes to dark states reducing the excited state
absorption. However, other effects may contribute to the less
prominent EA peak at RT. Improving the calculated
contributions of EA processes may be achieved by accounting
for the actual intrasegment dynamics, for instance by running
the NISE calculation within each segment, and potentially by
optimizing the Hamiltonian parameters using the calculated
RT spectra. Nevertheless, from the comparison, it is clear that
the RT spectrum demonstrates a stronger downhill transfer
from the B800 band to the B850 band than the HT spectrum.
This can be explained by the fact that the temperature-
corrected downhill transfer rate at RT is twice as large as the
HT rate, as seen above. Furthermore, the large disparity
between the downhill transfer rate and the uphill transfer rate
at RT leads to the absence of the upper diagonal peak at 3 ps,
as also seen experimentally.

To better understand how the rate matrix affects the 2DES,
we focus on the below-diagonal cross peak, which reflects the
EET process. Figure 8 presents the growth of the cross peak
intensity with increasing delay time, t,. The intensity changes
can be fitted perfectly with a single-exponential function, which
can be used to determine the intensity change rate. It is found
to be 1.15 ps™" and 1.48 ps™' for the HT CG-2DES and the
RT CG-2DES results, respectively. Interestingly, these rates
align well with the corrected transfer rates (which is the
eigenvalues obtained by diagonalizing the rate matrix) for the
LH2 system, which are 1.16 ps™' and 1.49 ps™, respectively.
This agreement between the cross-peak intensity increase rate
and the transfer rate confirms the successful implementation of
the transfer rate matrix in our CG-2DES simulation method.
The agreement with the expected behavior is a good check that
the implementation is working as expected. However, it should
be noted that in the LH2 system, the transfer between the
B800 chromophores involves a complex choreography of
coherent and incoherent processes.” Thus, when using
different segmentation schemes, the transfer rate between
both rings may vary. In this study, we divided the LH2 system
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Figure 8. Comparison of the intensity growth of the below-diagonal
cross peak as a function of waiting time, extracted from the 2DES for
LH2 calculated using the CG-2DES method at different temperatures.
The integration area to calculate the intensity of the process peak for
; was taken from 12,234 to 12,634 cm™" and for w; from 11,400 to
11,650 cm™. The data were normalized to the maximum diagonal
peak intensity at t, = 0 ps.

into 10 segments (1 B850 segment and 9 B800 segments),
resulting in a transfer rate of 0.775 ps™' from a B800
chromophore to the B850 ring at HT. Conversely, when
clustering the LH2 system into 2 segments (1 B850 segment
and 1 B800 segment), the transfer rate from the B800 ring to
the B850 ring is 0.705 ps~'.*° Notably, the eigenvalues of the
rate matrix corresponding to transfer between the rings are
found to be 1.15 ps™' and 1.0S ps™" (see ref 36.) for the 10-
segment scheme and 2-segment protocol, respectively. This
finding further supports the consistency between the cross-
peak intensity change rate and the transfer rate.

Furthermore, with the segmentation protocol, we can still
look into the details of dynamic information within the LH2
system. We calculate the anisotropy from the simulation data
near the diagonal B850 and B800 peaks using the relation
T(f) — I(#) = L(t)

(8 +21,(t)’
waiting time t = t, at the given spectral location for
experiments with parallel and perpendicular laser pulse
polarization, respectively.”’ Figure 9 illustrates the polarization
anisotropy decay of the B850 ring and the B800 ring, simulated
using the NISE and CG-2DES methods at various temper-
atures. The figure demonstrates that the anisotropy decay rate
of the B850 ring is much faster than that of the B800 ring. The

where Ij(t) and I, are the intensities at
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Figure 9. Comparison of the anisotropy decay as a function of waiting
time extracted from the calculated 2DES for LH2 with the NISE and
CG-2DES methods at different temperatures. The position of the
B850 peak was taken to be @, = w5 = 11,566 cm™, and for the B800
peak was used @, = w; = 12,434 cm™".
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CG-2DES results for the B850 ring exhibit a single flat line, as
in this method, we assume the population is in thermal
equilibrium within a single segment at all times. By contrast,
the NISE method does account for population dynamics
between (or nonadiabatic mixing of) the eigenstates within the
B850 ring, which causes the rapid decay of the anisotropy in
this spectral region, as the transition dipole direction loses
correlation in the plane. Moving on to the B800 ring, Figure 9
demonstrates that the HT NISE and CG-2DES results are very
similar in terms of decay rate and the final equilibrium state. As
for the RT case, the decay rate is also similar until about 1 ps
waiting time, but it becomes negative thereafter, which has no
physical meaning. This occurs because the B800 band
completely relaxes to the low-energy B850 band after a
waiting time of about 1 ps (see Figure 7). After this time, the
background signal from the tail of the B850 band dominates
the signal, resulting in a negative anisotropy value.

Figure 10 compares the polarization anisotropy of the B850
and B800 bands with experimental results. Here we also added

0.7
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0.5F CG-2DES B800 RT
- Exp B850
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Figure 10. Polarization anisotropy as a function of waiting time
obtained at the B8SO(NISE/HT CG-2DES) (blue/black dashes) and
B800 (HT/RT) (green/orange dashes) diagonal positions of the two-
dimensional electronic spectra compared with experimental data
(solid lines). Experimental data were taken from ref 67

the benchmark line obtained from the B850 ring CG-2DES
results as a reference. The solid lines represent the
experimental decay for the B850 band (blue) and the B800
band (green). Experimental reports indicate decay times of 383
and 60 fs for the B800 and B850 bands, respectively.m’72 In
our simulated results, the NISE method yields a decay time of
53 fs for the B850 ring, while the CG-2DES method yields a
decay time of 302/306 (HT/RT) fs for the B80O ring (with
fitted range from 0 to 0.3 ps). Both of these results agree well
with the experimental findings, indicating that our developed
CG-2DES method accurately captures the dynamic process.

4. CONCLUSION

In this paper, we introduced an approach, referred to as the
CG-2DES method, for efliciently calculating third-order
response functions in 2DES of large molecular systems. Our
method separates the large system of molecules into a set of
smaller segments, where the assumption is that the
intermolecular excitation transfer interactions within segments
are much larger than those between molecules of different
segments. In fact, the assumption is that the latter are small
enough to consider the energy transfer between segments as
incoherent. In our method, we therefore use the previously
developed TD-MCFRET method to construct an energy
transfer rate matrix between the various segments. Solving the
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kinetics resulting from this rate matrix describes how
excitations move between segments. Within each segment,
we use the NISE approach to solve the collective excited state
dynamics and we further assume that the excitations within
segments relax much faster than the time scale of transfer
between segments.

In particular, in the calculation of 2DES spectra, the
coherence time t; and t; are dealt with by numerically
propagating the exciton wave functions (NISE), accounting for
interactions with a heat bath. The waiting time ¢, is simulated
using the kinetic rate equations described above, where it is
assumed that the energy transfer between segments is slow
enough that the excited state population within each segment
reaches thermal equilibrium before transferring energy to
another segment. In the CG-2DES method, the response
signals are obtained as the sum of signals from each segment.
This significantly reduces the computational resources required
compared to calculating the response signal for the full system,
which scales with N°, N being the number of excited states.
Furthermore, with the current CG-2DES method, one can
calculate the 2DES with additional waiting times within 1 min
for the LH2 system, using the doorway and window functions
already calculated and stored from a previous calculation with
another waiting time. Moreover, our method incorporates the
detailed balance condition, enabling simulations of 2DES at
different temperatures.

To verify the performance and effectiveness of our method,
we first demonstrated its application on a one-segment system
at different temperatures and compared the results with the
spectrum obtained using reference methods. The CG-2DES
method showed excellent agreement with the NISE results at
high temperatures and with HEOM results at low temper-
atures. We further applied the CG-2DES method to a two-
segment system and compared it with the HT NISE results,
revealing nearly identical spectral features. The low-temper-
ature spectrum could be well understood using the transfer rate
matrix.

Finally, we applied the CG-2DES method to the natural
LH2 system, separating the system into ten segments. Our
method demonstrates excellent performance and exhibits good
agreement with theoretical NISE results. It also provides a
clear visualization of the EET from the B800 band to the B850
band. Additionally, we calculated the anisotropy decay for the
LH?2 system, which accurately reproduced recent experimental
results. The analysis of the anisotropy decay further confirmed
that the CG-2DES method can effectively describe dynamic
processes by replacing segment interactions with the transfer
rate matrix.

Thus, we conclude that the CG-2DES method is an efficient
method for accurately calculating the third-order optical
response of large molecular systems if it is possible to separate
the system into a set of smaller segments with relatively weak
interactions between them.

The presented CG-2DES method thus offers a promising
avenue for investigating the third-order response functions in
2DES of large molecular systems. Building upon the principles
of system segmentation and energy transfer dynamics, this
approach provides a framework for efficiently simulating
complex molecular dynamics and elucidating the underlying
mechanisms of exciton dynamics and energy transfer processes.
Future improvements may include the explicit calculation of
full single-segment spectra to include the frequency correla-
tions observed at short times. Furthermore, one may find an
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effective way to include the Stokes shift missing in the
stimulated and excited state signals, which may become
significant at low temperatures. Moreover, in the future, we
plan to include the intrasegment dynamics by combining the
CG-2DES calculation with other methods for calculating the
spectra of the individual segments.
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