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ABSTRACT
The excitation energy transfer (EET) process for photosynthetic antenna complexes consisting of subunits, each comprised of multiple chro-
mophores, remains challenging to describe. The multichromophoric Förster resonance energy transfer theory is a popular method to describe
the EET process in such systems. This paper presents a new time-domain method for calculating energy transfer based on the combination of
multichromophoric Förster resonance energy transfer theory and the Numerical Integration of the Schrödinger Equation method. After vali-
dating the method on simple model systems, we apply it to the Light-Harvesting antenna 2 (LH2) complex, a light harvesting antenna found
in purple bacteria. We use a simple model combining the overdamped Brownian oscillators to describe the dynamic disorder originating
from the environmental fluctuations and the transition charge from the electrostatic potential coupling model to determine the interactions
between chromophores. We demonstrate that with this model, both the calculated spectra and the EET rates between the two rings within the
LH2 complex agree well with experimental results. We further find that the transfer between the strongly coupled rings of neighboring LH2
complexes can also be well described with our method. We conclude that our new method accurately describes the EET rate for biologically
relevant multichromophoric systems, which are similar to the LH2 complex. Computationally, the new method is very tractable, especially
for slow processes. We foresee that the method can be applied to efficiently calculate transfer in artificial systems as well and may pave the
way for calculating multidimensional spectra of extensive multichromophoric systems in the future.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0136652

I. INTRODUCTION

Electronic excitation energy transfer (EET) is one of the
important processes in natural photosynthesis and photochemical
conversion.1–3 In recent decades, much attention has been paid
to understanding the mechanism of the EET process in biological
systems.

Typically, the photosynthetic light-harvesting apparatus con-
sists of multiple interconnected antenna complexes through which
the energy has to flow through several complexes to reach the reac-
tion center, where it is converted to chemical energy. Both the fast

energy transfer within individual complexes and the slower inter-
complex transfers are crucial for the overall light harvesting process.
The EET in the light-harvesting complexes is highly efficient, reach-
ing remarkable quantum efficiencies of 90%, or higher at low-light
condition.4 In other words, almost every absorbed photon reaches
the reaction center and forms a charge-separated state. Under high-
light conditions, the reaction center is protected by a regulatory
mechanism, resulting in the quenching of the excessive excitation
energy in the antenna. Neither the molecular details of the latter nor
the high efficiency of light harvesting is fully understood. To answer
the second question, an accurate method for calculating excitation
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energy transfer in large and complex multichromophoric systems is
required. The goal of this study is to develop and test a new ver-
sion of the multichromophoric Förster resonance energy transfer
(MC-FRET) method5,6 by combining it with the Numerical Inte-
gration of the Schrödinger Equation (NISE) method7 to obtain a
method that is computationally efficient, especially for slow transfer
processes.

Traditionally, the efficiency of EET processes has been treated
theoretically using the Förster Resonant Energy Transfer (FRET)
theory, which yields a transfer rate between two molecules that is
proportional to the overlap between the donor emission spectrum
and acceptor absorption spectrum and inversely proportional to the
sixth power of the donor–acceptor distance.8,9 The original theory
of Förster only describes the electronic excitation energy transfer
from a single chromophoric donor to a single chromophoric accep-
tor. In the 1990s, the theory was extended in order to describe
EET between multichromophoric5,10,11 subsystems, denoted as the
MC-FRET method. This approach overcomes the problem that the
transfer pathways often involve multiple coupled donors and/or
acceptors. Just like the original FRET method, the MC-FRET
method is applicable when the overall transfer process between the
donor and the acceptor subsystems is incoherent. Furthermore, this
method is valid only when intra-donor and intra-acceptor EET pro-
cesses are faster than the transfer from the donor to the acceptor
complexes. In other words, the MC-FRET method is applicable if
the transfer process is dominated by a single rate. Numerous other
methods have been developed and applied to describe the EET pro-
cesses, including the Haken-Strobl-Reineker (HSR) method,12,13 the
NISE approach,7,14–16 and the Hierarchy of Equations of Motion
(HEOM) method.17–19 In the HSR method, the bath is assumed to
be in the white-noise limit, which allows for analytical solutions
and, therefore, offers much insight. The NISE method allows using
arbitrary bath dynamics. Similar to the HSR method, the effect of
the system on the bath is neglected in the NISE method, result-
ing in relaxation to an infinite-temperature distribution.20 While
the HEOM method is restricted to a harmonic bath, it provides
an important golden standard as it is formally exact and describes
relaxation to the correct thermodynamic distribution.17

In the HSR, NISE, and HEOM methods, the transfer is cal-
culated by explicit time-propagation of the system of interest, and
the resulting rate is then extracted, which takes a long time and
with low efficiency.16 On the other hand, the MC-FRET method
calculates the overlap of the emission and absorption spectra, which
renders MC-FRET to be a very efficient method; it needs fewer com-
putation resources than the others.16,19 Recently, several variants
of the MC-FRET approach, differing in how the donor emission
and acceptor absorption spectra are obtained, were compared with
others.16 It was found that the spectra determination step is cru-
cial for the performance of the MC-FRET approach, and in many
cases, the NISE method provided better agreement with the HEOM
approach than the MC-FRET method. It was not easy, however, to
determine whether the failure of the MC-FRET approach was deter-
mined by the intrinsic incoherent approximation or failure of the
method used to obtain the spectral lineshapes.

This paper presents a new time-domain version of the MC-
FRET method derived using perturbation theory on the interaction
between the donor and acceptor complexes and the NISE method
to describe the subsystems. This makes the new method a rigorous

incoherent approximation of the NISE method. In contrast to pre-
vious versions of the MC-FRET method,5,11,21,22 the new version
is fully working in the time-domain, providing a computationally
efficient method and a quick reality check on the reliability of the
obtained EET rate. We first test the new method on small model
systems comparable to those previously employed,11 with focus on
strongly coupled ring systems16 resembling the Light-Harvesting
antenna 2 (LH2) of purple bacteria. We then proceed to test the
method on the actual LH2 complex. We first construct a simple
model to reproduce the experimental absorption spectrum of this
system and then use the same parameters to calculate the EET rate
from the weakly coupled B800 ring containing nine chromophores
to the strongly coupled B850 ring containing 18 chromophores. In
addition, we also calculate the EET rate between two B850 rings in
two adjacent LH2 complexes. The obtained rates are greatly compa-
rable to the measured rates, which demonstrate the accuracy of our
newly developed MC-FRET method.

The study is presented as follows: In Sec. II, we first summarize
the formalism of the NISE method and derive the new time-domain
MC-FRET method. Subsequently, in Sec. III A, we apply these two
methods to a model system containing two weakly coupled dimers.
Here, we focus on the general properties and applicability of the
method. In Sec. III B, we proceed by testing our new method on
systems with a single donor and many acceptors and vice versa.
The results for the multiacceptor system are compared with previous
benchmark results.16 The application to the LH2 system is presented
in Sec. III C. Finally, in Sec. IV, we summarize our findings and draw
conclusions.

II. METHOD
A. Model system

We will use the general framework of Frenkel excitons23,24 to
describe the EET process. For simplicity, we treat all molecules as
two-level systems, with a ground state and an optically accessible
excited state. We focus on a system with a donor complex con-
sisting of ND molecules and an acceptor complex of NA molecules
and restrict ourselves to the case of a single excitation shared by all
molecules in the system.

The full Hamiltonian for the system is described as follows:

H(t) = HD(t) +HA(t) +HAD, (1)

where HD(t) and HA(t) denote the Hamiltonians of the donor
and the acceptor complex, respectively, and HAD describes the
interaction between them. In the site representation, HD(t) and
HA(t) are

HD(t) =
ND

∑
n
(ϵD

n + δϵD
n (t))∣Dn⟩⟨Dn∣ +

ND

∑
n≠m

J DD
nm ∣Dm⟩⟨Dn∣, (2)

HA(t) =
NA

∑
n
(ϵA

n + δϵA
n (t))∣An⟩⟨An∣ +

NA

∑
n≠m

J AA
nm ∣Am⟩⟨An∣, (3)

where ϵD
n (ϵA

n ) is the average electronic transition energy of donor
molecule n (acceptor molecule n) and δϵD

n (t) (δϵA
n (t)) is the time-

dependent fluctuation in this energy caused by the interaction with
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the (thermal) environment. In this study, we assume that these bath
fluctuations for different donor and acceptor molecules are uncorre-
lated. However, this need not be assumed in general. ∣Dn⟩ represents
the basis state where only the n’th donor molecule is excited while all
other donor and acceptor molecules are in their ground state. Sim-
ilarly, ∣An⟩ is the state with only acceptor molecule n excited. The
interaction between different donor (acceptor) molecules is given by
J DD

nm (J AA
nm ).

The last term of Eq. (1) represents the coupling between the
donor and acceptor complexes and reads

HAD =
ND

∑
m=1

NA

∑
n=1

J AD
nm (∣Dm⟩⟨An∣ + ∣An⟩⟨Dm∣), (4)

where the coupling term J AD
nm is the resonance interaction between

donor molecule m and acceptor molecule n. These interactions are
the ones that ultimately are responsible for the EET process between
both complexes. These interactions are time-independent, which is
a good approximation in systems with fixed geometry.

The electronic couplings in Eqs. (2), (3), and (4) can, for
example, be calculated by the point-dipole approximation,25 the
extended-dipole approximation,26,27 or the TrEsp method.28–30 In
the TrEsp method, the interaction is given by28

J XY
nm =

1
4πε0εr

NX

∑
k=1

NY

∑
l=1

qmk(1, 0)qnl(0, 1)
∣r⃗mk − r⃗nl∣

. (5)

Here, X and Y represent either A for an acceptor molecule or D for a
donor molecule. εr is the dielectric constant and 1

4πε0
is the Coulomb

constant. qmk(1, 0) and r⃗mk denote the transition charge and coor-
dinate of one atomic partial charge, respectively. In Section III C,
we will apply the TrEsp method to calculate the inter-molecular
couplings for the LH2 complex with the transition charges for the
bacterial chromophores given in Ref. 28 and the coordinates from
the 1kzu protein databank file.31

The energy fluctuation term, δϵX
m(t), in Eq. (2) plays a cru-

cial role in the EET process. For simplicity, the Brownian oscillator
model is employed to limit the number of free parameters in the
description of the dynamic process. We model the bath vibrations
as a collection of independent harmonic oscillators, and the excita-
tion energy has a linear dependence on the system-bath coupling.16

Here, we neglect the influence of the electronic excitation on the
bath dynamics. Therefore, the Stokes shift is neglected in the emis-
sion. The time correlation function of the dynamic process is fully
characterized by

C(t) = ⟨δϵX
m(t)δϵY

n (0)⟩ = σ2
Xm exp(−Λ∣t∣)δXYδnm, (6)

where σXm denotes the root-mean-squared magnitude of the energy
fluctuations for the different donor or acceptor molecules and Λ is
the inverse of the correlation time of the bath fluctuations, here to be
taken identical for all sites.

The above stochastic dynamic process for the excitation
energies is numerically generated in the following way:32

δϵX
m(t + Δt) = δϵX

m(t) exp(−Λ∣Δt∣) +G(σX
m)
√

1 − exp(−2Λ∣Δt∣),
(7)

where G(σX
m) is a random number taken from a Gaussian distribu-

tion with zero mean and standard deviation σX
m. Δt is the timestep

between frames at which the Hamiltonian is generated. The first
term in the equation represents the exponential decay of memory
and the second term ensures that the standard deviation in the
energy is preserved over the generated trajectory.

B. Methods for calculating the EET rate
1. Numerical integration of the Schrödinger equation
(NISE) method

The NISE method7,14–16 describes the EET process based on
the time-dependent Schrödinger equation that describes the exciton
wave function,

dΨ(t)
dt

= −
i
h̵

H(t)Ψ(t). (8)

Here, H(t) is the total Hamiltonian in Eq. (1). To solve this equation,
we discretize time in short intervals Δt, identical to those used above
for the disorder, and treat the Hamiltonian as a constant during the
time interval (t, t + Δt). This leads to the relation,

Ψ(t + Δt) = U(t + Δt, t)Ψ(t), (9)

where U(t + Δt, t) is the time evolution matrix,

U(t + Δt, t) = exp(−
i
h̵

H(t)Δt). (10)

The time-evolution for longer times is obtained by multiplying
consecutive time-evolution matrices, leading to the expression,

U(t, 0) =
t/Δt

∏
j=1

U(jΔt, (j − 1)Δt). (11)

The population transfer between the donor and the acceptor
complexes follows from the decay of the total donor population,

PD(t) =
ND

∑
n=1
∣⟨ΨD∣U(t, 0)∣ΨD⟩∣

2. (12)

Here, ΨD same as ∣Dn⟩. To obtain the transfer rate, the result for
PD(t) is fitted to an exponentially evolving function, having the
form as

f (t) = P eq
D + c(1 − Peq

D )e
−kefft. (13)

Here, keff is the effective rate that can be obtained through the
NISE method directly. The EET rate from the donor complex to the
acceptor complex, k can be calculated with keff,

k = (1 − P eq
D )keff, (14)

where P eq
D is the donor excitation probability in the equilibrium

state. The parameter c is introduced to account for a possible ini-
tial part of the decay that is affected by transient coherences; if
such coherences occur, the corresponding initial dynamics of PD is
discarded from the fitting procedure. Furthermore, c also indicates
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whether the excitation population decays exponentially or not. For
fully incoherent transfer, c = 1, where the excitation population is
exponentially decaying. The closer c is to 1, the more incoherent
it is.

The main advantages of the NISE method are that it does not
rely on a perturbative treatment of the donor–acceptor interactions
and that it can be used to analyze the EET process accounting for
coherent and incoherent effects equally well. The most notable dis-
advantages of the NISE method are its intrinsic high-temperature
character, resulting in an equilibrium state of equal probability for
all exciton states, and the neglect of the Stokes shift as a result of
the omission of the imaginary part of the bath correlation function.
Furthermore, to obtain accurate results, we need to average over
the bath fluctuations, which require averaging over numerous inde-
pendent trajectories. Especially, in the case of weak donor–acceptor
interactions in an extensive system (ND, NA ≫ 1), the computa-
tion is expensive because the population needs to be calculated for
long time delays to get accurate rates and determining the matrix
exponent in Eq. (10) is an order (NA +ND)

3 process.

2. Multichromophoric Förster resonant energy
transfer (MC-FRET) method

The MC-FRET method5,10,11 is a well-known approach to
calculating the transfer rate for a multichromophoric system. It
describes the incoherent EET process that occurs after the donor
complex has been excited to a singly excited state. In the following,
we present a new derivation of the MC-FRET method as a perturba-
tive approximation to the NISE method described in Sec. II B 1. The
probability that the acceptor complex is excited at time t if it is in the
state ∣Ψ(0)⟩ at time zero is

PA(t) =
NA

∑
n=1
⟨⟨An∣U(t, 0)∣Ψ(0)⟩⟨Ψ(0)∣U(0, t)∣An⟩⟩

=

NA

∑
n=1
⟨⟨An∣U(t, 0)ρ(0)U(0, t)∣An⟩⟩, (15)

where ⟨. . .⟩ denotes the ensemble average, i.e., the average over the
bath fluctuations, U(t, 0) is the time-evolution operator, and ρ(0)
= ∣Ψ(0)⟩⟨Ψ(0)∣ is the density operator of the initial state.

Next, we apply first-order time-dependent perturbation theory
in the interaction between the donor and acceptor complexes, HAD.
In this derivation, we may even assume that these interactions are
time-dependent. We then obtain

PA(t) =
NA

∑
n=1
⟨⟨An∣U0(t, 0)(1 −

i
h̵∫

t

0
U0(0, τ1)HAD(τ1)U0(τ1, 0)

× dτ1)ρ(0)(1 +
i
h̵∫

t

0
U0(0, τ2)HAD(τ2)U0(τ2, 0)dτ2)

× U0(0, t)∣An⟩⟩

=
1
h̵2

NA

∑
n=1
⟨⟨An∣U0(t, 0)∫

t

0
U0(0, τ1)HAD(τ1)U0(τ1, 0)dτ1

× ρ(0)∫
t

0
U0(0, τ2)HAD(τ2)U0(τ2, 0)dτ2)U0(0, t)∣An⟩⟩.

(16)

Here, U(t, 0) is the time-evolution operator corresponding to the
full Hamiltonian [Eq. (1)], while U0(t, 0) is the time-evolution
operator excluding the perturbative term describing the interaction
between the donor and acceptor complexes. The second step in
Eq. (16) can be made because in the initial state ρ(0) only molecules
in the donor complex are excited. Next, we substitute Eq. (4) for HAD
to obtain,

PA(t) =
1
h̵2

ND

∑
a,c=1

NA

∑
b,d=1
∫

t

0
∫

t

0
dτ1dτ2⟨J AD

ba (τ1)J DA
cd (τ2)

× ⟨Ad∣U0(τ2, τ1)∣Ab⟩⟨Da∣U0(τ1, 0)ρ(0)U0(0, τ2)∣Dc⟩⟩,
(17)

where we generalized to time-dependent donor–acceptor interac-
tions J AD

mn (t).
To obtain the donor–acceptor EET rate, we now nest the inte-

gral over τ2 inside the one over τ1 and split the first one into integrals
from 0 to τ1 and from τ1 to t. By interchanging in the second contri-
bution the dummy integration variables (τ1 and τ2) and the dummy
summation variables (a and c; b and d), the two terms arising from
this splitting may be shown to be each other’s complex conjugates,
which leads to

PA(t) =
2Re
h̵2

ND

∑
a,c=1

NA

∑
b,d=1
∫

t

0
∫

τ1

0
dτ1dτ2⟨J AD

ba (τ1)J DA
cd (τ2)

× ⟨Ad∣U0(τ2, τ1)∣Ab⟩⟨Da∣U0(τ1, 0)ρ(0)U0(0, τ2)∣Dc⟩⟩.
(18)

By taking the derivative of this expression with respect to t, one
obtains a time-dependent EET rate in the form,

k(t) =
2Re
h̵2

ND

∑
a,c=1

NA

∑
b,d=1
∫

t

0
dτ2⟨J AD

ba (t)J
DA

cd (τ2)⟨Ad∣U0(τ2, t)∣Ab⟩

× ⟨Da∣U0(t, 0)ρ(0)U0(0, τ2)∣Dc⟩⟩. (19)

In this equation, we may rewrite U0(t, 0)ρ(0)U0(0, τ2) = U0(t, τ2)

U0(τ2, 0)ρ(0)U0(0, τ2) =U0(t, τ2)ρD
e , with ρD

e =
e−βHD

0

Tre−βHD
0

the equilib-

rium density operator of the donor complex (HD
0 is the initial Hamil-

tonian for the donor complex, β−1
= kBT with kB the Boltzmann’s

constant and T the temperature). In the last step, we have assumed
that equilibration within the donor complex is fast compared with
the EET time between the donor and the acceptor complexes. This
is an assumption that underlies the MC-FRET method anyhow, as
it presumes that a single rate can describe the EET process. Now
changing to the new integration variable τ = τ2 − t and using the
stationary nature of the dynamic disorder, we arrive at

k(t) =
2Re
h̵2

ND

∑
a,c=1

NA

∑
b,d=1
∫

0

−t
dτ⟨J AD

ba (0)J
DA

cd (τ)⟨Ad∣U0(τ, 0)∣Ab⟩

× ⟨Da∣U0(0, τ)ρD
e ∣Dc⟩⟩. (20)

We now take the limit t →∞ and replace the integration variable τ
by t again. Finally, we use the fact that the real part of the integrand
is an even function of time, to obtain the EET rate,
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k =
2Re
h̵2

ND

∑
a,c=1

NA

∑
b,d=1
∫

∞

0
dt

× ⟨J AD
ba (0)J

DA
cd (t)⟨Ad∣U0(t, 0)∣Ab⟩⟨Da∣U0(0, t)ρD

e ∣Dc⟩⟩. (21)

Equation (21) is the most general expression for the EET rate
between the donor and the acceptor complex within the MC-FRET
method. If we now assume, as we will do in all applications below,
that the donor–acceptor interactions are time-independent and that
we may neglect correlations between the bath fluctuations on the
donor and the acceptor molecules, we arrive at

k =
2Re
h̵2 ∫

∞

0
dt Tr[J ADED

(t)J DAIA
(t)], (22)

with IA
(t) and ED

(t)matrices with their elements defined by

IA
db(t) = ⟨⟨Ad∣U0(t, 0)∣Ab⟩⟩, (23)

and

ED
ac(t) = ⟨⟨Da∣U0(0, t)ρD

e ∣Dc⟩⟩, (24)

where JAD is the NA ×ND matrix with elements J AD
ba and JDA

its Hermitian conjugate. From here onwards, we will denote
Re[Tr[JADED

(t)JDAIA
(t)]] as the transfer response.

We will find this transfer response to be useful in evaluating
whether the incoherent approximation holds. The MC-FRET theory
differs from the original Förster’s (FRET) theory8,9,33 describing EET
from a single donor to a single acceptor molecule, in the fact that
IA
(t) and ED

(t) are matrices. Furthermore, the interaction term J in
conventional FRET theory8,9,33 is calculated using the dipole–dipole
approximation.34,35 Here, we will use fixed numbers or apply the
TrEsp method to obtain the inter-molecular coupling.

In the present MC-FRET formulation, we calculate the emis-
sion and absorption response, ED

ac(t) and IA
db(t), in the time

domain instead of calculating the overlap of the emission spectrum
and the absorption spectrum as was done in previous MC-FRET
work.5,11 Therefore, we will name the new version of the MC-FRET
method as TD-MC-FRET. These responses are calculated using the
NISE7,14,15 method, which is straightforward when compared with
other approximations.6,36–38 This also results in the present formu-
lation of TD-MC-FRET being a rigorous approximation to the NISE
approach applicable in the incoherent limit. Therefore, when the
assumptions are valid that (i) the transfer between the donor and
acceptor complexes is incoherent and (ii) the transfer within the
donor/acceptor complexes is faster than that from the donor to the
acceptor complex, the two methods should give identical results. We
note that should the couplings between donor and acceptor com-
plexes be time-dependent or if the fluctuations in both complexes are
correlated, the expression can be replaced by one where the ensem-
ble averages are removed from the individual matrices and taken
over the full trace.

Both the NISE and the MC-FRET methods will lead to the high-
temperature equilibrium between the units involved. A few thermal-
izations approaches have been proposed for the NISE method39–41

and for MC-FRET, for example, the Oxtoby quantum correction42

can be applied. The quantum correction of Oxtoby only changes
the equilibrium populations, but not the time-scale of the trans-
fer defined by the sum of the forward and backward rates. In the
present study, we will stick to the high-temperature thermaliza-
tion approximation to avoid deviating from the main focus of the
paper.

III. RESULTS
In this study, we employed the NISE and TD-MC-FRET meth-

ods to calculate the EET rate between the B850 and B800 rings of
the LH2 system as well as the transfer rate between two B850 rings
of two neighboring LH2 units. The LH2 system of purple bacteria
consists of two rings of bacteriochlorophyll molecules with the B850
ring being narrower than the B800 ring.43–45 The B850 pigments are
close to each other, separated by ∼9 Å while the distance between
the B800–B800 and B800–B850 pigments is ∼18 Å.46–48 Therefore,
the exciton states in the B850 ring tend to be quite delocalized, while
those in the B800 ring are largely localized.

A. Test for different dynamic disorder magnitudes
To test our new TD-MC-FRET method, we first applied the

TD-MC-FRET and NISE methods to a simple model system con-
taining two donor and two acceptor molecules. All molecules inter-
act with each other. They also interact with the bath, which leads
to transition energy fluctuations, modeled as described in Sec. II A.
We employed two different disorder values, σ = 200 and 45 cm−1,
which resemble the more localized B800 ring and the more delocal-
ized B850 ring, respectively. In both cases, Λ = 1

150 fs−1 was used.
The Hamiltonian of the model system is inspired by Ref. 11, which
uses the angular wavenumbers; specifically, we use

HD
s =
⎛
⎜
⎝

200 100

100 180

⎞
⎟
⎠

, HA
s =
⎛
⎜
⎝

100 100

100 80

⎞
⎟
⎠

. (25)

The couplings between the donor complex and the acceptor
complex govern the EET rate. For simplicity, we consider all the
couplings between the donor and acceptor molecules to be identical,
J = 5 cm−1, for m, n ∈ {1, 2}. The effects of the inter-complex cou-
pling J on the EET rate with dynamic disorder σ = 200 cm−1 are
shown in Fig. 1. For each choice of J, we ran five independent sim-
ulations for each simulation and averaged over 3000 random real-
izations of the Hamiltonian trajectories to obtain accurate results.
Based on the variations between the five simulations, the results
have an error bar less than 3% for the NISE method and smaller
than 1% for the TD-MC-FRET method. As discussed in Sec. II, the
initial condition is assumed to be a single excitation incoherently dis-
tributed over all donor molecules with equal weights, i.e., ρ(0) = 𝟙

2
is employed in the TD-MC-FRET method. In the NISE method,
this initial condition is realized by averaging the results obtained
starting from the totally symmetric and totally antisymmetric initial
conditions, respectively.

As can be seen in Eq. (22), in the TD-MC-FRET method, the
EET rate is proportional to J2. Hence, the EET rate for all other cou-
plings can straightforwardly be calculated based on the EET rate
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FIG. 1. Comparison of the EET rate between two coupled dimers, described by
the Hamiltonian in Eq. (25) as a function of the donor–acceptor coupling J for the
NISE method and the TD-MC-FRET method with dynamic disorder σ = 200 cm−1.
(a) The transfer response for the TD-MC-FRET method obtained for the coupling
J = 5 cm−1. (b) Semi-logarithmic plot of the donor population relaxation calculated
with the NISE method for J = 5 and 30 cm−1. (c) Double-logarithmic plot of the
resulting EET rates with the coupling J varied from 5 to 30 cm−1.

for J = 5 cm−1. Figure 1(a) shows the transfer response defined
below Eq. (24) for J = 5, from which the EET rate for the TD-MC-
FRET method is calculated by integrating it over time. The transfer
response relaxes to zero; fitting the decay to an exponential function

gives a decay rate of 8.7 ps−1, which reflects the loss of coherence
between the donor and acceptor dimers at a timescale of about
115 fs. For the NISE method, the EET rate was obtained by analyz-
ing the population dynamics. Figure 1(b) shows a semi-logarithmic
plot of the time dependence of the total donor population relative
to its equilibrium value using the NISE method for J = 5 cm−1

(red dash line) and 30 cm−1(red solid line). The two straight lines
clearly demonstrate the exponential nature of the population relax-
ation, suggesting that the transfer between the donor and acceptor
complexes is incoherent. Here, we need to mention the results in
Figs. 1(a) and 1(b) [also in Figs. 2(a) and 2(b) below] are plotted
for just one of the five simulation samples, as those obtained from
all other samples fall on top of each other. The slope of the lines
in Fig. 1(b) is keff [Eq. (13)] from which the donor–acceptor EET
rate k is obtained by using Eq. (14). For J = 30 cm−1 the popula-
tion relaxes to the equilibrium state within 5 ps. For J = 5 cm−1,
on the other hand, the system even does not reach equilibrium in
a 50 ps simulation. Obviously, to get an accurate EET rate using the
NISE method, trajectories are needed that are longer than the relax-
ation time. This is in stark contrast to the TD-MC-FRET method,
where the transfer response relaxes within 400 fs, so we do not
need to simulate the full transfer process to obtain the rate. Figure 1
directly demonstrates that the time needed to calculate the EET rate
using the NISE method strongly depends on the strength of coupling
and illustrates the computational efficiency of the TD-MC-FRET
method.

Finally, Fig. 1(c) shows J dependence of the EET rate for the
model system calculated with the NISE and TD-MC-FRET meth-
ods for dynamic disorder strength σ = 200 cm−1. It shows that the
EET rates are identical for both methods, even when increasing the
coupling. This is because, in our TD-MC-FRET implementation,
the emission response and the absorption response are calculated
using the NISE method, which for the current system parameters
leads to almost the same transfer rate for both methods. Only for
the largest values of the donor–acceptor interactions, do we observe
a small deviation between both methods, which results from the
fact that, unlike NISE, the TD-MC-FRET method relies on a per-
turbation expansion in this interaction. This, thus, demonstrates the
accuracy and correct implementation of our developed TD-MC-
FRET method to describe EET processes in the perturbative limit.
Furthermore, in Fig. 1(c), the average over all the samples for dif-
ferent couplings to obtain the parameter c [in Eq. (13)] is 0.985,
which is very close to 1 reflecting the incoherent nature of the
EET process.

Next, we focus on the case of small dynamic disorder
(σ = 45 cm−1). Figure 2(a) shows that the transfer response looks
very different from the case of large dynamic disorder. It shows a
damped oscillation, with a damping rate of 0.42 ps−1 (obtained from
fitting a cosine function multiplied by an exponential function). In
Fig. 2(b), the NISE method is seen to predict a transfer time of the
order of 150 ps for J = 5 cm−1, which is much slower than in Fig. 1(b).
The average over five independent samples to obtain the value of the
parameter c for the results shown in Fig. 2(c) is 1.003, which suggests
that the transfer is incoherent and the excitation population decays
almost perfectly exponentially. Figure 2(c) shows the dependence
of the EET transfer rate on the donor–acceptor coupling for both
methods. This figure clearly demonstrates the breakdown of the per-
turbation theory underlying the TD-MC-FRET method for growing
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coupling. The reason that the discrepancy between both methods
appears at a much smaller coupling than in Fig. 1(c) is that the
small parameter in Förster’s perturbation theory is the ratio of J and
the optical dephasing rate. The latter is much smaller for dynamic

FIG. 2. Comparison of the EET rate between two coupled dimers, described by the
Hamiltonian in Eq. (25) as a function of the donor–acceptor coupling J for the NISE
method and the TD-MC-FRET method with small dynamic disorder σ = 45 cm−1.
(a) The transfer response for the TD-MC-FRET method calculated for the coupling
J = 5 cm−1. (b) Semi-logarithmic plot of the population relaxation calculated with
the NISE method at coupling J = 5 and 30 cm−1. (c) Double-logarithmic plot of the
resulting EET rates with the coupling J varied from 5 to 30 cm−1.

disorder σ = 45 cm−1, i.e., the decoherence time between donor and
acceptor is much smaller.

In fact, the combination of Figs. 2(a) and 2(c) demonstrates that
if the transfer rate predicted by the TD-MC-FRET becomes large
than roughly one-tenth of the transfer response rate, the TD-MC-
FRET method starts to break down. The exact value may be system
dependent, but intuitively it makes sense that if the transfer rate
and the transfer response rate become comparable in magnitude,
the TD-MC-FRET theory breaks down. Comparing the decay of the
transfer response with the predicted transfer time thus provides an
internal consistency check for the TD-MC-FRET method. Thus, we
can evaluate the validity without explicitly performing the full NISE
transfer rate calculation.

B. Multidonor and multiacceptor systems
To further test our new method, we next studied two model

systems that are more similar to the real LH2 system. The first
has a monomeric donor molecule, while the acceptor complex is
a ring consisting of NA molecules, with NA ranging from 1 to 10
[see Fig. 3(a)]. The second model has the opposite configuration,
with one acceptor molecule, while the donor complex is a ring with
a varying number of molecules, ND, ranging from 1 to 10 [see
Fig. 4(a)]. We assumed that in both system, all the molecules have
a transition dipole moment in the same direction, perpendicular to
the plane of the ring, and for simplicity, we restricted ourselves to
nearest-neighbor excitation transfer interactions JDD and JAA within
the donor and acceptor complexes, respectively. We averaged over
five independent samples with different white noises; each sample
averaged over 1000 random realizations of the Hamiltonian trajec-
tories to obtain the EET rate both for the TD-MC-FRET and NISE
methods. The initial condition for the NISE method is an incoherent
distribution of the donor complex.

We tested different choices for the initial condition and found
that for all used parameters the results were essentially identical with
situations where we used a fully local or a fully coherent delocalized
initial condition. In cases, where the relaxation within the donor is
much slower or comparable to the transfer time to the acceptor, one
may find that the choice of initial state will be important.

The initial density matrix of the donor complex for the TD-
MC-FRET method was constructed to have equal weight for all
populations and all coherences were set to zero in the site basis.

The Brownian oscillator model was applied to generate the
dynamic disorder with a correlation time of 150 fs for all the sys-
tems. The intra-complex couplings were set to JDD = JAA = 300 cm−1,
while the donor–acceptor coupling was taken JAD = 20 cm−1 for all
pairs of molecules.16 We choose these parameters to mimic realistic
parameters based on the real LH2 system.30,49 To compare with the
reference data, Ref. 16, we also use the angular wavenumbers for the
calculation.

Figures 3(b) and 3(c) show the results for the EET rate for the
first model system as a function of NA. The EET rate was calcu-
lated using the NISE method and the TD-MC-FRET method with
two different dynamic disorder magnitudes, namely σ = 1000 cm−1

[panel (b)] and 200 cm−1 [panel (c)]. For comparison, we also plot
the results using three other methods,16 two alternative types of MC-
FRET rates, labeled with MC − FRETdiag and MC − FRETdiag,IPR,
and the HEOM rate. The MC − FRETdiag method uses the diagonal
(secular) MC-FRET approximation37,38,50 and is also referred to as
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FIG. 3. (a) Illustration of a single donor surrounded by a ring of NA accep-
tor molecules. The donor molecule (blue) is placed in the center of the ring
and is coupled to each of the acceptor molecules (green) with an interaction
JAD = 20 cm−1. Neighboring acceptor molecules have a coupling JAA = 300 cm−1,
while long–range interactions are set to zero. (b) Transfer rate from the donor
molecule to the acceptor ring, using the two main methods (NISE and TD-MC-
FRET) introduced in this work, compared with the results from three other methods
reported in Ref. 16 (see text). The dynamic disorder was chosen σ = 1000 cm−1

(c) As (b), but now using σ = 200 cm−1.

the generalized Förster rate. It assumes that the acceptor absorp-
tion density operators are diagonal on the eigenstate basis. The
MC − FRETdiag,IPR is based on the MC − FRETdiag method but takes
into account the exchange narrowing of the absorption spectrum of
the acceptor complex through the inverse participation ratio (IPR).51

FIG. 4. (a) Illustration of a single acceptor surrounded by a ring of NA donor
molecules. The acceptor molecule (green) is placed in the center of the ring
and is coupled to each of the donor molecules (blue) with an interaction
JAD = 20 cm−1. Neighboring acceptor molecules have a coupling JDD = 300 cm−1,
while long–range interaction are set to zero. (b) Transfer rate from the donor ring
to the acceptor molecule, using the two main methods (NISE and TD-MC-FRET)
introduced in this work. The dynamic disorder was chosen σ = 1000 cm−1, and the
initial condition was set to an incoherent superposition of one excitation quantum
on all donor molecules with equal weight. (c) As (b), but now using σ = 200 cm−1.

The Hierarchy of Equations of Motion (HEOM) method is based on
the exact equations of motion for a system with bilinear coupling to
a quantum-mechanical harmonic oscillator bath.16,17,52,53

The results in Fig. 3(b) show that the EET rate increases lin-
early with the number of acceptor molecules. This can be understood
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from the fact that the coupling between the acceptors of 300 cm−1 is
much smaller than the dynamic disorder. The number of acceptor
molecules, therefore, does not significantly affect the absorption line
shape of the acceptor ring and, therefore, the overlap between the
acceptor absorption and donor emission responses hardly depends
on NA. The transfer rate then essentially scales proportionally to
the number of independent acceptors that the excitation can trans-
fer to. We note that the TD-MC-FRET results (purple) and the
NISE results (red) overlap almost perfectly, making it hard to dis-
tinguish them. Both methods are close to the exact HEOM results
(deviation of a few percent). Of the two other MC-FRET meth-
ods, MC − FRETdiag deviates roughly a factor of two more, while
MC − FRETdiag,IPR deviates significantly.

Figure 3(c) demonstrates that for small disorder (σ < JAA), the
dependence on NA is more complicated. In this case, the maximum
transfer rate occurs for NA = 1. It drops when increasing to NA
= 3 before it increases linearly for NA beyond 4. This non-monotonic
behavior can be explained as follows: The monomer energy of donor
and acceptor molecules is identical, which, given the fact that there is
no Stokes shift results in a maximal spectral overlap. For the dimeric
acceptor system with σ ≪ JAA, the overlap between the absorption
and emission spectra decreases, because the acceptor spectrum splits
and the accepting state lies higher in energy than the emission of
the donor excited state. Furthermore, because of the exchange nar-
rowing in the acceptor complex, the linewidth of the absorption
spectrum changes significantly for NA = 2, 3. The combination of
the above results in a lowering of the overlap between the donor
emission and acceptor absorption spectra when increasing NA from
1 to 3, which explains the decreasing trend in the rate. When we
increase the number of acceptor molecules further, the energy of
the excitonic acceptor state that overlaps with the donor state and
the spectral linewidth hardly change anymore. The transfer rate
then only depends on the number of accessible acceptor molecules.
All methods giving the EET rate show the same nonmonotonic
behavior, yet they also show deviations from each other. The
TD-MC-FRET and the NISE methods show almost identical results
both very close to the golden standard set nu the HEOM method.
The MC − FRETdiag method overestimates the HEOM rate while
the MC − FRETdiag,IPR underestimates it, especially for a large num-
ber of acceptor molecules. The latter behavior was also explained
in Ref. 16.

Figure 4 shows the results with a ring of ND donor molecules
surrounding one acceptor molecule. Figure 4(a) illustrates the model
system; the parameters are the same as for the multiacceptor model
system described above. Figure 4(b) shows the transfer rate as a func-
tion of ND with the dynamic disorder set to σ = 1000 cm−1.The
rate is seen to be maximal for ND = 1. It slightly decreases when
increasing the ring size to ND = 3 and then stays approximately con-
stant when further increasing ND. We can understand these results
as follows: Similar to the case of Fig. 3(b), the dynamic disorder
is significantly larger than the coupling within the donor complex,
resulting in small changes of the overlap integrals with varying ND.
In particular, the emission spectrum is almost constant when ND
rises above four. Above this number of donor molecules, the rate
is essentially constant as initially, the donors share one excitation
quantum and any donor molecule has just one acceptor molecule
to transfer its excitation to, independent of the overall number
of donors.

For the case of small dynamic disorder [see Fig. 4(c)], the trans-
fer rate has a similar trend as for the case of 1000 cm−1 dynamic
disorder. However, now the transfer rate decreases significantly
when we increase the number of donors from one to three before
it becomes constant when the ND rises above three. The strong
decrease in the rate from ND = 1 to 3 finds, like in Fig. 3(c), its origin
in the energy shift of the exciton state when increasing the system
size, which has a pronounced effect on the spectral overlap for small
dynamic disorder.

The situations in Figs. 3 and 4 are actually related by the simple
relationship, kx→y

ky→x
=

Ny
Nx

, directed by the fact that in equilibrium all
states are equally likely to be populated. Both Figs. 3 and 4 show that
the transfer rates calculated with the TD-MC-FRET method and the
NISE method are very close. The excellent agreement demonstrates
that our new method can, as expected, accurately describe the EET
process for these systems.

C. LH2 system
Finally, we move to the LH2 system. For purple bacteria,

this system consists of two rings of bacteriochlorophyll molecules,
as described before.43–45 Based on the absorption wavelength of
the two resulting bands, the two rings are denoted the B850 and
B800 rings.30,43,54 The high-frequency ring contains 8–12 bacteri-
ochlorophyll molecules depending on the bacterial species, leading
to the B800 band. The low-frequency ring contains twice as many
bacteriochlorophyll molecules as the high-frequency ring, and its
absorption is red-shifted to 850 nm, resulting in the B850 absorption
band. We focus on the Rhodoblastus acidophilus (with the old name
Rhodopseudomonas acidophila) bacterial system depicted in Fig. 5,
which contains 27 bacteriochlorophylls (9 B800 bacteriochlorophyll
molecules and 18 B850 bacteriochlorophyll molecules).55

We employ the simplest Frenkel exciton Hamiltonian for the
LH2 system. The general form of the Hamiltonian is shown in
Eqs. (2) and (3). We begin with the crystal structure taken from the
1 kzu protein data bank file.31 The three-fold symmetry specified in
the data file was used to construct the full 27 chromophore system.
The B850 chromophores were given an average transition frequency
of 11 955 cm−1, whereas a 12 465 cm−1 transition frequency was

FIG. 5. Schematic overview of two B800–B850 LH2 complexes of R. acidophilus.
In each complex, the bacteriochlorophylls form two concentric rings of bacteri-
ochlorophyll molecules. The B850 densely packed ring contains two different types
of binding pockets, which are α-B850 (green) and β-B850 (red). The other ring only
has binding pockets γ-B800 (blue). The center-to-center distance of the two LH2
complexes is 75 Å.56 The picture was rendered using VMD.57
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given to the B800 chromophores. Both chromophore types were
coupled to an overdamped Brownian oscillator bath with a 150 fs
correlation time and disorder magnitudes σ = 256 and 169 cm−1 for
the B850 and B800 chromophores, respectively. The timestep was set
to 3 fs, and the length of the trajectories was taken 30 ps. These num-
bers were obtained starting with disorder values from literature43

and scaling of the dynamic disorder for the B850 band with 0.8 and
1.2 for the B800 band to match the experimental absorption spec-
trum and the EET rate. Here, we need to note that to compare with
the experimental results, we use the spectroscopic wavenumbers for
the calculation.

The excitonic couplings were determined using the TrEsp
model [see Eq. (5)] with the transition charges calculated by the
TDDFT/B3LYP method.28–30 Polarization effects on the couplings
between pigments were included via the dielectric constant, εr ,
which is system-dependent. Here, we chose the rescaling factor
caused by the dielectric constant, 1/εr = 0.55, to match both the
experimental absorption spectra and the experimental EET rate for
the LH2 system. A dielectric constant of εr = 2 has been used for var-
ious systems.23,58 The largest coupling between B850 and B800 sites
is then 31 cm−1, the nearest-neighbor coupling in the B800 ring is
30 cm−1, and the largest nearest-neighbor coupling in the B850 ring
is 243 cm−1.

The resulting width of the B800 peak is slightly broader than
the experimental one. Making this peak narrower by reducing
the magnitude of the frequency fluctuations will also lead to an
increase in its height, we chose the present parameters to balance
this match. We calculated the linear optical response of the LH2
complex system with the NISE7,14 program with an average of over
1 000 000 different starting configurations with a coherence time
of 384 fs.

The simulated spectrum is compared with the experimental
spectrum obtained for the detergent-isolated LH2 complex from
R. acidophilus (strain 10 050).59 As shown in Fig. 6, the calculated
absorption spectrum agrees well with the experimental one.

FIG. 6. Observed (black dashed line) and calculated (red solid line) absorption
spectra for the LH2 system of R. acidophilus. Both spectra are obtained at 300 K.
The measured spectrum was taken from Ref. 59.

Next, we turn to the EET rate from the B800 to the B850 ring.
In Fig. 7(a), we show the transfer response obtained in the TD-
MC-FRET method for this system. We see that it decays within
100 fs. Figure 7(b) gives the exponential relaxation of the total B800
population using the EET rate of 1.05 ps−1 obtained using our
TD-MC-FRET method (black solid line). The population relaxation
calculated with the NISE method (red solid line) and the popula-
tion dynamics extracted from the experimental pump-probe results
of the B800–B850 complex of R. acidophilus(blue dashed line),48

are also shown in Fig. 7(b). The experimental rate for Rhodoblastus
acidophilus system of 1.10 ps−1 has been reported.60 The EET rate
obtained from fitting the NISE population dynamics is found to be
0.79 ps−1. The fit parameter c for the NISE method obtained from
an average of over five independent samples was 0.968, implying
a coherent component in the initial part of the transfer, explain-
ing the difference between the NISE and TD-MC-FRET results.
The calculated EET rates still have a good agreement with the
experimental EET rate, which demonstrates that our developed TD-
MC-FRET method is well suited to describe the EET process in the
LH2 system.

Finally, we also calculated the transfer rate between two B850
units. The second unit was generated by shifting the coordinates

FIG. 7. (a): The B800 band to B850 band transfer response from the TD-MC-
FRET method for the LH2 system. (b): The population relaxation calculated with
the NISE (red solid line) and the exponential B800 population decay using the
transfer rate obtained from the TD-MC-FRET method (black solid line), together
with the experimental kinetics of absorbance changes in the B800–B850 complex
of Rhodoblastus acidophilus (blue dashed line).48
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from the pdb structure of the B850 units by 75 Å along the x-axis. We
use the same parameters applied for the transfer calculation within
the LH2 system. For this EET process, an experimental rate in the
order of ∼0.2 ps−1 (corresponding to a transfer lifetime of 5 ps) has
been found,61,62 while theoretically calculated EET rates in the range
of 0.05–0.33 ps−1 (corresponding to a transfer lifetime 3–20 ps) have
been reported.63,64 Using our TD-MC-FRET and NISE methods,
we obtained theoretical rates of 0.23 and 0.21 ps−1, respectively. In
good agreement with each other as well as with the experimental
value, and in the middle of the range set by previous theoretical
calculations. The c fit parameter for NISE, in this case, was 0.999,
suggesting an entirely incoherent transfer process. The difference
between the rates obtained with the two different methods, in this
case, is, therefore, most likely numerical. The good agreement of the
TD-MC-FRET theory results with the reference value suggests that
our developed method is well suited to describe the EET transfer in
the parameter regime relevant to the natural system.

IV. CONCLUSION
In this study, we developed a new version of the MC-FRET

method, the TD-MC-FRET method, by combining the original ver-
sion with the NISE method. The method was first demonstrated on
simple model systems and subsequently applied to the LH2 complex
to validate it for a realistic natural system. We found that the method
is well suited for both intra- and inter-complex energy transfer.

For the system of coupled dimers, the TD-MC-FRET method
was found to work very well when the dynamic disorder is large
compared with the couplings. However, the TD-MC-FRET starts
to fail in the small-dynamic disorder case when the transfer rate
becomes larger than roughly one-tenth of the decay rate of the
corresponding TD-MC-FRET transfer response. This suggests that
comparing the predicted EET rate and the decay rate of the transfer
response provides an initial consistency check for the TD-MC-FRET
method. For the two model systems of a single donor (acceptor) sur-
rounded by a ring of acceptors (donors), the dependence of the EET
rate on the number of molecules in the ring obtained from both
methods agrees very well.

Furthermore, the transfer rate for these multiacceptor (mul-
tidonor) systems can be connected by the simple relationship,
kx→y
ky→x
=

Ny
Nx

.
For the LH2 system, we used NISE to calculate the absorp-

tion spectrum leading to a good fit with the experimental spectrum.
The B800 to B850 EET rate in LH2 was also calculated using the
NISE and the TD-MC-FRET methods. Both methods gave results
that compared very well to previous experimental and theoretical
results. In addition, we found that the TD-MC-FRET method also
describes the transfer process between two neighboring B850 rings
very accurately.

Of all methods considered and compared in this work, the
TD-MC-FRET method provides the most efficient way to calcu-
late the EET rate. However, one should realize that this method is
only reliable if the transfer is predominantly incoherent. As men-
tioned, a first consistency check can easily be performed within this
method. Understanding the exciton dynamics and the excitation
energy transfer for multichromophoric systems remains crucial and
challenging work. For the family of TD-MC-FRET methods, this
can only be solved by implementing an accurate approximation to

calculate the absorption and emission responses, which in our
method we achieve by using the NISE approach.
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